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ABSTRACT
We obtain new duality transformations, relating some exact string backgrounds,
by defining the nilpotent duality. We show that the ungauged SL(2, R) WZW
model transforms by its action into the three dimensional plane wave geometry.
We also give the inverse transformation from the plane wave to the SL(2, R) model
and discuss the implications of the results.
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The study of the classical solutions in string theory has received much atten-
tion in recent times. There have been two aspects of this study. The first one is to
investigate the solutions of the low energy classical action [1] and the second one
to find the exact solutions [2] [3] [4] [5]. The solutions of the second type are more
interesting from the string point of view as they correspond to the two dimensional
conformal field theories. The Wess-Zumino-Witten model is one of the examples
of such a solvable conformal field theory. Many interesting solutions as exact con-
formal backgrounds have been obtained, the first one being the celebrated two
dimensional black hole solution of Witten, which has been obtained as a gauged
SL(2, R) WZW model [2]. It was shown there that the conventional gauging (axial
or vector) of a U(1) subgroup of the SL(2, R) WZW model leads to a two dimen-
sional singular target space having the structure of a black hole solution. This has
been generalized to higher dimensions also. For example, SL(2,R)⊗U(1)
U(1)
theory cor-
responds to a three dimensional black string solution [4]. Many of these solutions
are related by O(d, d) transformations [6− 12] .
For the SL(2, R) theory, it is known that the axial and vector gauged models
are related to each other via duality transformations [13]and are equivalent as
conformal field theories though the target space geometry is very different in both
the cases. The generalizations of these results to larger duality groups such as
O(d, d, Z) [14]have also been done. In these cases, the dual backgrounds were found
corresponding to the isometry groups which were simply translations of some of
the coordinates. Recently, the exact duality transformations have also been found
for a number of cases [15] [16] [17]. The generalizations to the nonabelian isometry
groups [18]have been considered as well.
In this paper, we investigate the duality with respect to the nilpotent sub-
groups. Earlier, it has been pointed out [3] that one can gauge the parabolic sub-
2
group of SL(2, R) in a consistent manner. This gives rise to the Liouville theory,
where two of the degrees of the freedom are removed by a constraint and the re-
sulting target space is one dimensional. This result has been confirmed through an
explicit construction in [19], where a one dimensional target manifold was obtained
by gauging the SL(2, R) WZW model by its nilpotent subgroup E(1).
Motivated by this, we have investigated the relationship between the duality
transformations and the nilpotent gauging and show that the three dimensional
plane wave solution can be related to the original SL(2, R) WZW model by its
action. It is interesting to note that both the initial and the final solutions in this
case are exact string backgrounds. Duality transformations relating exact string
backgrounds have been recently presented in another contexts [15] [16] [17]. For
example in [15], plane wave solutions in arbitrary dimension were presented as
duality invariant class. However, our duality transformations relate the solutions
within the class of [15]to the ones outside.
The way one finds the dual background is the following: one first gauges the
isometry and adds to the action a Lagrange multiplier term. The gauge fields are
nondynamical in the theory in the sense that they do not have a kinetic term. If
one integrates out the Lagrange multiplier term, one gets back the original model.
On the other hand, by integrating by parts the Lagrange multiplier term and then
integrating out the gauge fields, one obtains the dual action, in which the Lagrange
multiplier is a new dynamical fields [20]. Similar techniques have been used for
nonabelian duality also, but there the issues are somewhat more involved [18].
The plan of the paper is the following: we shall consider the nilpotent gauging
of the SL(2, R) WZW model, where we gauge the subgroup E(1). We shall use
the standard duality prescription to obtain the dual backgrounds for both the
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axial and the vector gauged action. Interestingly, we find that the dual geometry
corresponding to the SL(2, R) WZW model is a three dimensional target space,
representing a plane wave solution. Such plane wave solutions have been discussed
recently by various people in the context of WZW models based on non-semi-
simple groups [21]. The dual metric we have obtained has two isometries and a
covariantly constant null killing vector. We then apply the duality inversion with
respect to these two isometries and obtain the original ungauged WZW model for
one of these.
As will be discussed in the end, our duality transformations do not belong to
any of the class of transformations, approximate or exact, presented earlier [15] [16] [17].
The reason being the appropriate use of the null isometry, as suggested in [15], for
generating new backgrounds.
We now start by considering theWZWmodel based on the groupG = SL(2, R).
We parametrize the group manifold by,
g =
(
a u
−v b
)
, with ab+ uv = 1. (1)
The group action for the axial gauging is given by g → hgh, where g ∈ G,
h ∈ H and H is the abelian subgroup of G. On the other hand, the group action
for the vector gauging is given by, g → hgh−1. Here, we shall consider the gauging
of the nilpotent subgroup E(1) of SL(2, R), where the subgroup is generated by
σ+ = σ3 + iσ2. The term nilpotent reflects the fact that (σ
+)2 = 0. Let us first
consider the axial gauged model. The gauged action in this case can be written as,
Sa(g, A) = S(g) +
k
2π
∫
d2zTr(A¯g−1∂g + A∂¯gg−1 + AA¯+ g−1AgA¯) (2)
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where, S(g) is the ungauged SL(2, R) WZW model action, which is given by,
S(g) =
k
4π
∫
Σ
d2zTr(g−1∂gg−1∂¯g)−
k
12π
∫
B
Tr(g−1d g ∧ g−1d g ∧ g−1d g) (3)
B is a three manifold, whose boundary is Σ. The gauge fields A and A¯ take values
in the algebra of H and they transform as,
A→ h(A+ ∂)h−1, A¯→ h−1(A¯+ ∂¯)h. (4)
In terms of the above parametrization, the ungauged WZW model action becomes,
S(g) = −
k
4π
∫
d2z(∂u∂¯v+∂¯u∂v+∂a∂¯b+∂¯a∂b)+
k
2π
∫
d2z log u(∂a∂¯b−∂¯a∂b). (5)
If ǫ is an infinitesimal gauge transformation parameter, then the above local sym-
metry is generated by,
δg = ǫ g + g ǫ;
δAi = −∂iǫ.
(6)
We now gauge,
δa = ǫ(2a− u− v);
δb = ǫ(−2b − u− v);
δu = ǫ(a + b);
δv = ǫ(a + b).
(7)
The gauge invariant parameters for this case are x = u− v and w = a− b− u− v
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and the complete gauged action can be written as,
S(g, A) = S(g) +
k
2π
∫
d2 z[A¯(b∂a + u∂v + v∂a− a∂v − v∂u− a∂b− b∂u + u∂b)
+ A(b∂¯a + v∂¯u− b∂¯v + v∂¯b+ u∂¯a− a∂¯u− u∂¯v − a∂¯b)
+ AA¯(−a + b+ u+ v)2].
(8)
We fix the gauge by choosing a+b = 0. So the gauge fixed action has the form,
S(g, A) = −
k
4π
∫
d2z(∂u∂¯v + ∂¯u∂v − 2∂a∂¯a)
+
k
2π
∫
d2z[−
1
2
A¯(x∂w − w∂x) +
1
2
A(x∂¯w − w∂¯x)− w2AA¯].
(9)
After integrating out the gauge fields one obtains,
S =
k
2π
∫
d2z[
∂w∂¯w
w2
]. (10)
The background metric, antisymmetric tensor and the dilaton fields corresponding
to the action (10)can be written as
ds2 =
k
2
(dw)2
w2
,
B = 0
, (11)
and
Φ = − logw + constant. (12)
This is just the SL(2, R)/E(1) gaugedWZWmodel [19]. The resulting target space
is one dimensional and the effective action corresponds to the Liouville action.
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Now we obtain the model dual to the SL(2, R) WZW model with respect to
its nilpotent subgroup. For this, we start with the original SL(2, R) WZW action,
gauge it and then add the Lagrange multiplier term to the action. The gauged
action with the Lagrange multiplier term (which is gauge invariant) is given by,
S(g, A, λ) = S(g) +
k
2π
∫
d2z[A¯J + AJ¯ − w2AA¯] +
k
2π
∫
d2z(A∂¯λ− A¯∂λ) (13)
where the currents J and J¯ are given by,
J = [b∂a + u∂v + v∂a− a∂v − v∂u− a∂b − b∂u + u∂b];
J¯ = [b∂¯a + v∂¯u− b∂¯v + v∂¯b+ u∂¯a− a∂¯u− u∂¯v − a∂¯b]
(14)
and λ is the Lagrange multiplier. The gauge fixed action is obtained by putting
the condition a+ b = 0. Now fixing the gauge and integrating out the gauge fields,
the dual sigma model action is obtained in terms of the gauge invariant parameters
and λ. The expression is given by,
S =
k
2π
∫
d2z[
∂w∂¯w
w2
−
∂λ∂¯λ
w2
−
1
2
∂λ
w2
(x∂¯w − w∂¯x) +
1
2
∂¯λ
w2
(x∂w − w∂x)] (15)
where we have used the values of A and A¯ as (obtained by using their equation of
motion),
A = −
1
w2
[∂λ +
1
2
(x∂w − w∂x)];
A¯ =
1
w2
[∂λ +
1
2
(x∂¯w − w∂¯x)).
(16)
From the above expression, we can read off the values for the dual background
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metric g˜ij and antisymmetric tensor field b˜ij . The dual metric is given by,
ds˜2 =
k
2w2
[(dw)2 − (dλ)2 − xdλdw + wdλdx] (17)
The dual dilaton is found to be,
Φ˜ = − logw + constant, (18)
and b˜ij is zero. Unlike the
SL(2,R)
E(1) model, one extra degree of freedom does not get
removed and the target space is three dimensional. The only non zero component
of the Ricci tensor is R22 = −
2
w2
. The curvature scalar R is zero as g22 is zero
(here w ≡ 1, λ ≡ 2 and x ≡ 3). These backgrounds satisfy the one loop beta
function equations namely,
Rµν + 2∇µ∇νΦ˜ = 0;
R + 4/k′ − 4(∇Φ˜)2 + 4∇2Φ˜ = 0.
(19)
We have also explicitly verified that they satisfy the two loop beta function equa-
tions.
Recently, in a series of papers [22], the path integral formulations of the gauged
WZWmodel has been given to compute the exact string backgrounds. It was found
that the quantum action relevant for computing the exact backgrounds differs from
the classical one by a term which is proportional to Tr[AA¯]. In our case this term
is zero due to the nilpotency of the gauged subgroup. As a result we expect the
backgrounds in eqns. (17)-(18)to be exact to all orders in sigma model.
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Also, by making a coordinate redefinition,
y =
x
w
(20)
which is well defined, since w 6= 0, we can rewrite the dual metric as,
ds˜2 =
k
2
[
1
w2
((dw)2 − (dλ)2) + dλdy] (21).
The metric g˜ij now is independent of λ and y. After shifting y → 2y, we obtain,
ds˜2 =
k
2
[
1
w2
((dw)2 − (dλ)2) + 2dλdy] (22)
which corresponds to a plane wave solution. The killing vector (in λ-direction)
ka = (0, 1, 0) is a null vector as kak
a = 0 and ka;n = ka,n−Γ
λ
ankλ = 0. This implies
that ka is a covariantly constant null killing vector. The existence of such a vector
and the form of the metric implies that the dual background is basically a three
dimensional plane wave solution, which is known to be an exact solution of string
theory to all orders [23]. This is consistent with the arguments presented above.
We have also analyzed the vector gauged dual model. The vector gauged action
is given by,
Sv(g, A) = S(g) +
k
2π
∫
d2zTr(A∂¯gg−1 − A¯g−1∂¯g + AA¯− g−1AgA¯). (23)
The vector gauge transformation is given by, g → hgh−1. The local vector
symmetry is generated by, δg = g ǫ− ǫ g. We gauge the symmetry,
δa = ǫ(v − u);
δb = ǫ(u− v);
δu = ǫ(a− b− 2u);
δv = ǫ(−a + b+ 2v).
(24)
Here the gauge invariant parameters are x′ = a + b and w = a − b − u − v. We
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choose the gauge u − v = 0 and again add the Lagrange multiplier term to the
gauged action. The gauge fixed action is given by,
S(g, A, λ) = −
k
4π
∫
d2z(2∂u∂¯u+ ∂a∂¯b+ ∂¯a∂b)
+
k
2π
∫
d2 z[−
1
2
A(x′∂¯w − w∂¯x′)−
1
2
A¯(x′∂w − w∂x′) + w2AA¯]
+
k
2π
∫
d2z(A∂¯λ− A¯∂λ)
(25)
Integrating out the gauge fields as before we obtain,
S =
k
2π
∫
d2z[
∂¯w∂w
w2
+
∂¯λ∂λ
w2
+
x′
2w2
(∂λ∂¯w+ ∂¯λ∂w)−
1
2w
(∂λ∂¯x′+ ∂¯λ∂x′)]. (26)
From the above expression, we find that the dual antisymmetric tensor field is
again zero and the dual metric is given by,
ds˜2 =
k
2
[
1
w2
((dw)2 + (dλ)2) +
x′
w2
dλdw −
1
w
dλd x′]. (27)
The dual dilaton is again given by,
Φ˜ = − logw + constant. (28)
As in the case of axial gauging case, we define, y = x
′
w
and shifting y → 2y we
obtain,
ds˜2 =
k
2
[
1
w2
((dw)2 + (dλ)2)− 2dλdy]. (29)
This is again a plane wave solution in three dimensions. We note that the
metric in the two different gauged models, eqns.(22)and (29), are esentially same
upto analytic continuations. This follows from the fact that AA¯ term is zero in
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eqns.(2) and (23). As a result, the gauged actions are related by a field redefinition
A¯→ −A¯. Taking this into account the dual metric in two different gauging, after
a shift λ→ λ− y, become (upto analytic continuation),
ds˜2 =
k
2
[
1
w2
((dw)2 − (dλ)2)− (dy)2(
1 + 2w2
w2
) + 2dλdy(
1 + w2
w2
)] (30)
Now, if we apply the duality inversion [6] [20]with respect to the isometry in y
direction for the metric (30), we get,
ds˜′2 =
k
2
[
1
w2
(dw)2 − (
w2
1 + 2w2
)(dy)2 + (
w2
1 + 2w2
)(dλ)2];
B˜′ = −1;
Φ˜′ = 2φ+ constant.
(31)
.
More interesting is the case of λ isometry for the metric (30)for which
ds˜′2 =
k
2
[
1
w2
(dw)2 − w2(dλ)2 + w2(dy)2];
B˜′λy = −(1 + w
2);
Φ˜′ = constant.
(32)
Interestingly the final background in (32)is same as the ungauged SL(2, R)
WZW model. To show this we first find, by an explicit computation, that the
Ricci tensors Rµν for the metric in eqns.(32)is proportional to gµν . As a result
this is the metric for a maximal symmetric space. More explicitly, by coordinate
reparametrizations and analytic continuations, the metric in eqn.(32)can be trans-
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formed to the Robertson-Walker form in three dimensions:
ds˜′2 =
k
2
[(dt)2 + exp(2t)[(dr)2 + r2(dθ)2]] (33);
By another coordinate transformation, similar to the one in four dimensional
case [24], this can be written in the static form:
ds˜′2 =
k
2
[(1− r2)(dt)2 + (1− r2)
−1
(dr)2 + r2(dθ)2] (34).
which, after some analytic continuations, can be identified with the metric of the
three dimensional black hole [25] [26]. Together with the antisymmetric tensor and
the dilaton as in eqn.(32), it can be interpreted as the ungauged SL(2, R) WZW
model [26].
To conclude, in this paper we have presented the duality transformations which
relate two exact solutions of string theory, namely the WZW models and the plane
wave sulutions. We would like to point out once again that the duality transforma-
tions applied in our case are outside the set of O(2, 2) transformations [10] [16]that
are normally considered for a one coordinate dependent background in three space-
time dimensions. For generating inequivalent backgrounds, the O(2, 2) transforma-
tions have only one nontrivial parameter [8]. One can use this to transform away
the antisymmetric tensor present in the original ungauged WZW model. How-
ever, it turns out that this demand fixes the background for other fields as well.
The final model in this case is a product space of the 2-d black hole with a flat
coordinate [10] [16]. In the present case we once again have a vanishing antisym-
metric tensor. But the other backgrounds are different than the product space just
discussed. Hence the plane wave solution does not belong to the class of models
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related to the ungauged SL(2, R) model by O(2, 2) transformations. A more likely
interpretation of our transformations is probably in terms of a suggestion presented
in [15]where it was pointed put that the duality transformation, after mixing the
null isometry with the other ones, can give rise to new consistent backgrounds. It
will be interesting to examine this proposal further. It will also be interesting to
examine these results for the higher dimensional plane wave solutions and WZW
models as well.
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